We study correlations in fermionic lattice systems with long-range interactions in thermal equilibrium. We prove a bound on the correlation decay between anti-commuting operators and generalize a long-range LiebRobinson type bound. Our results show that in these systems of spatial dimension D with, not necessarily translation invariant, two-site interactions decaying algebraically with the distance with an exponent α ≥ 2 D, correlations between such operators decay at least algebraically with an exponent arbitrarily close to α at any non-zero temperature. Our bound is asymptotically tight, which we demonstrate by a high temperature expansion and by numerically analyzing density-density correlations in the 1D quadratic (free, exactly solvable) Kitaev chain with long-range pairing.
Systems with long-range interactions decaying algebraically (power-law like) with the distance have many fascinating properties setting them apart from systems with merely finite-range or exponentially decaying (short range) interactions. Very recently, a surge of interest in the properties of these models has lead to a wealth of new insights. For example, in such systems very quick equilibration [1] [2] [3] and fast spreading of correlations [4, 5] , as well as violations of the area law [6] and very fast state transfer [7] are possible. Most importantly, they show topological effects and support Majorana edge modes [8, 9] . This development is to a large extent a consequence of the fact that such systems can be realized [10] [11] [12] [13] in extremely well controlled experiments with polar molecules [14] , ultra-cold ions [4, [15] [16] [17] [18] , and Rydberg atoms [19] . At the same time, many of the fundamental interactions in nature are actually algebraically decaying, such as dipoledipole interactions, the van der Waals force, and, last but not least, the Coulomb interaction.
In some cases, realistic systems can be approximately captured by finite-range models, for example in the limit of a tight binding approximation. The physics of such systems has been at the center of attention of theoretical condensed matter physics. In particular, it has been proven for finiterange fermionic systems that the correlations between anticommutating operators decay exponentially at any non-zero temperature [20] and the same holds at zero temperature whenever there is a non-vanishing gap above the ground state [21] . Similarly, arbitrary observables above a threshold temperature in finite-range spin and fermionic systems [22] show exponential decay of correlations. A similar level of understanding of the correlation decay of truly long-range interacting systems is lacking so far [9] , but is no less desirable due to their intriguing properties [1-3, 6, 7, 9-12, 23-29] .
The goal of our work is to advance the understanding of the decay of correlations in long-range interacting systems at finite temperature. Our main result predicts that correlations at non-zero temperature in general two-site interacting fermionic long-range systems of arbitrary spatial dimension decay at least with essentially the same exponent as the interaction strength. The bound holds in both clean, translation invariant systems and in such with disorder. This result is based on recent advances [30] on the dynamical spreading of correlations in long-range interacting systems. We demonstrate that our bound is asymptotically tight by means of a high temperature expansion and by numerical simulations of a 1D Kitaev chain of fermions with long-range p-wave pairing at finite temperature, whose ground state phase diagram has been extensively studied [8, 31] . As our bound (which holds for all non-zero temperatures) can be asymptotically saturated already at arbitrarily high temperature and as correlations typically do not decay faster at low temperatures, our result suggests the absence of phase transitions in such models that impact the asymptotic decay behavior of correlations.
Setting and notation. We study the correlations and their decay behavior in quantum many-body systems in thermal equilibrium at finite temperature T . We focus on systems of spinless fermions in which for each site i ∈ {1 . . . , L} we have a fermionic creation a † i and an annihilation operator a i that satisfy the anti-commutation relations {a i , a † j } := a i a † j + a † j a i = δ i,j (a generalization to spin-full fermions is straight forward). We denote by n i := a † i a i the particle number operator of site i. For A and B operators on the Fock space we define their correlation coefficient as
where · β is the expectation value in the thermal state
at inverse temperature β := 1/k B T . We call an operator A even (odd) if it can be written as an even (odd) polynomial of creation and annihilation operators, i.e., if it is a sum of monomials that are all products of an even (odd) number of a i and a † i . Odd operators anti-commute when they have disjoint supports. Due to the particle number parity super-selection rule Hamiltonians of physical systems are even operators and hence A β = 0 whenever A is an odd operator.
In what follows, we will mostly be interested in the correlations between operators A and B that are either particle number operators on different sites or odd operators on disjoint regions and how corr(A, B) decays with the distance of their supports.
Our result is obtained for fermionic system on a hypercubic lattice of dimension D whose Hamiltonian can, for some constant J, be written in the form
in terms of normalized operators V (κ) i
, each acting on their respective site i, and coupling coefficients J
−α with d i,j the L 1 -distance between the sites i and j. Thus, our result holds for fermionic systems with quadratic Hamiltonians as well as non-quadratic ones with two-site interactions.
A general bound on correlation decay in fermionic longrange systems. We now derive the main result of this work, a general bound on the algebraic decay of correlations in fermionic systems with long-range interactions at non-zero temperature. Concretely, for A, B odd operators we obtain a bound on corr β (A, B) = A B β . In the special case of quadratic Hamiltonians, like the Kitaev chain we consider later, our bound also yields, via Wick's theorem, a bound on density-density correlations. Our result is based on two main ingredients: An integral representation of A B β that was previously used in [20] and an extension to the fermionic case of a very recently derived Lieb-Robinson-type bound for systems with long-range interactions [30] .
The first ingredient for our proof is the following integral representation [32] of the expectation value A B β :
Lemma 1 (integral representation [20] ). Given a fermionic system at inverse temperature β > 0 and an even Hamiltonian and any two odd operators A, B it holds that
Lieb and Robinson [33] first proved that the propagation of information in quantum spin systems with short-range interactions is characterized by a group velocity bounded by a finite constant, which leads to a light-cone-like causality region. This results has since been generalized and improved in various aspects [34, 35] (see also [36] for a review). Hastings and Koma [21] proved an upper-bound on the group velocity that grows exponentially in time in systems with power-law decaying interactions with exponent α > D. Improving upon this, Gong et al. [37] derived a bound for α > D, that consists of a exponentially and a power-law like decaying contribution. Foss-Feig et al. [30] proved a Lieb-Robinson type bound with a group-velocity bounded by a power-law for two-site long-range interacting spin systems with the same form as in Eq. (3) for α > 2 D. Further, Matsuta et al. [38] proved a closely related bound for long-range interacting spin systems for all α > D. For α < D energy is no longer extensive and Lieb-Robinson-like bounds can only be achieved [39] when time is rescaled with the system size [40] .
For the purpose of our proof, we extend the Lieb-Robinson bound obtained by Foss-Feig et al. [30] to fermionic systems.
Here it takes the form of a bound on the operator norm of the anti-commutator of odd operators:
Lemma 2 (Lieb-Robinson-like bound for fermionic long-range systems). Consider a fermionic system on a hypercubic lattice of dimension D. Let α > 2 D and γ := (1 + D)/(α − 2 D). Assume that the Hamiltonian can be written in the form (3) with J a constant. Then, for any two odd operators A and B separated by a distance l there exist constants c 0 and c 1 , independent of the system size, l, and t, such that
The proof of Lemma 2 follows the general strategy of [30] . We explain all necessary technical modifications in [41] .
The main result of this work is that correlations in fermionic systems with two-site long range interactions at non-zero temperature decay at least algebraically with an exponent essentially given by the exponent α of the decay of the long-range interactions:
Theorem 3 (Power-law decay of correlations). Consider a fermionic system on a D dimensional hypercubic lattice with a Hamiltonian of the form given in (3) with J a constant and α > 2 D. For any two odd operators A, B, denoting by l the distance between their supports, then for any 0 < < 1
Before we present the proof (which actually yields a concrete bound with calculable prefactors) of this theorem, let us interpret the result. It says that the correlations between any two odd (and therefore anti-commuting) operators in longrange interacting fermionic systems in thermal equilibrium at non-zero temperature decay at least power-law like at long distances, with an exponent that is arbitrarily close to the exponent α of the long-range interactions. This holds for systems with an arbitrary spatial dimension D as long as α ≥ 2 D.
Proof of Theorem 3. We start by using Lemma 1.
As {A, B} = 0 only the second term from Eq. (4) is non-zero. We split up the integral in this term I = I ≤τ (l) + I >τ (l) into an integral I ≤τ (l) from time zero up to some value τ (l) (whose dependence on l we will chose later) and the rest I >τ (l) . We bound these two integrals separately. Using that | {A(t) − A(−t), B} β | ≤ 4 A B , we find
The integral satisfies
and therefore we have
with c 2 := 4 A B . For the second term I <τ (l) we use that | {A(t), B} β | ≤ {A(t), B} so that
e π t/β − e π t/β dt.
(10) Next, we apply the Lieb-Robinson-like bound from Lemma 2,
As (e π t/β − e π t/β ) −1 ≤ β 2 π t we further have
is a product of the monotonically increasing function e vt and the function h(t) := e −l/t γ /t which satisfies: (i) it has a local max-
For all τ (l) < t * h (l) we hence have the upper-bound
It remains to find a good choice for τ (l). The function τ must grow unbounded with increasing l in order for the right hand side of Eq. (9) to go to zero and, at the same time, it must not grow too fast, so that τ (l) < t * h (l) is satisfied and the right hand side of Eq. (14) goes to zero for large l. We take
As γ and η are positive and η < 1/(γ + 1), both the first and the last term decay super-algebraically for large l. The dominating term is thus the middle term, which implies the result as stated, where = 1 − η (1 + γ).
We remark that we were not able to prove Theorem 3 from the other Lieb-Robinson bounds for systems with long-range interactions. In particular, when using the bound from [38] that is valid for all α > D, the term corresponding to the first term in Eq. (12) diverges because of the behavior of the integrand in the limit t → 0. It remains open whether the restriction to α > 2 D in our result is an artifact of our proof technique or whether there is a physical reason, at least the point α = 2 D was identified to be a special case in [2] .
Kitaev chain with long-range interactions. In the numerical part of this work we consider a generalization of the fermionic Kitaev chain [42] with long-range p-wave pairing of size L, whose Hamiltonian H := H FR + H LR consists of a finite-range (nearest neighbor) part
with tunneling rate t and chemical potential µ, and a powerlaw decaying long-range pair-creation/pair-annihilation term
where
, ∆ is the coupling strength, and α the coupling exponent [8] . Whenever L is finite, we consider a closed chain with anti-periodic boundary conditions, i.e., for i > L we set a i := −a i mod L as otherwise the long-range term vanishes due to the fermionic commutation relations [43] . As in [8] , in the remainder of this work, we consider the case ∆ = 2 t = 1. This model has a rich ground state phase diagram with two critical points at µ = ±1 [8, 31] . The model described above falls into the class of so-called, quadratic, free, or non-interacting models. Their Hamiltonians can be written as H = This allows one to calculate density-density correlations corr(n j , n k ) via Wick's theorem. It allows to express higher moments in terms of the second moments of the thermal states of quadratic Hamiltonians, which are Gaussian states. Concretely, for fermionic systems we have (Lemma 6 in [44] 
where Pf is the Pfaffian and Γ has matrix elements In particular, for the density-density correlations we find
This allows to bound density-density correlations, as well as higher order correlation functions between even and odd operators in quadratic models by means of Theorem 3. Numerical analysis. We now present the numerical results on the decay of density-density correlations between two sites separated by a distance l for different values of the chemical potentials µ, inverse temperatures β and interaction decay exponents α. We consider different chain lengths (L ∈ {500, 1000, 2000}) in order to identify the influence of finite size effects. We observe that asymptotically correlations decay power-law like for any temperature and interaction strength [45] , that is for all i and large l
where ν characterizes the decay of the correlations. Away from the critical point, we observe that ν depends on α. At the quantum critical point (T = 0, µ = 1) we observe universal behavior with ν being independent of α, namely ν ≈ 2.
Everywhere else we find ν ≈ 2 when α ≤ 1 and ν ≈ 2 α when α > 1 (see Figure 1) . These results are in agreement with the results for the ground state in [8] .
Application and discussion of the analytical bound. Let us now apply Theorem 3 to the Kitaev chain. As the model is quadratic, we can use Eq. (20) to express the density-density correlations in terms of expectation values of odd operators and apply Theorem 3. This yields for any 0 < < 1
for any finite temperature T > 0 and for any α > 2 D.
A comparison with the numerics shows that Theorem 3 is asymptotically tight. The shaded region in Fig. 1 is the range of decay exponents excluded by Theorem 3. Despite the simplicity of the Kitaev chain, it shows correlations that are asymptotically as strong as possible for any fermionic system with power-law decaying two site interactions. Further, the restriction to T > 0 of Theorem 3 is not an artifact of our proof strategy but correlations actually do decay slower at the quantum critical point at T = 0 and µ = 1.
By performing a first-order high temperature expansion one can see that this model can be expected to essentially asymptotically saturate the bound from Theorem 3 for T → ∞. For simplicity, consider only the long-range part of the Hamiltonian (t = 0), then whenever correlations are analytic around β = 0 (not the case for α < 1) one has in the limit β → 0
More generally, for an arbitrary system with local dimension D and two-site interacting Hamiltonian H := i,j H i,j and any two traceless on-site operators A i , B j one finds that if there is an interval [0,
One expects such systems to have the strongest decay of correlations at high temperatures. As they can essentially saturate our bound already for β ≈ 0, our results indicate the absence of phase-transitions that are reflected in the asymptotic decay behavior of correlations at non-zero temperature in systems to which Theorem 3 applies. One might hope to prove a theorem similar to Theorem 3 with tools from Fourier analysis [46] . As we discuss in [47] , in this way one can at most show that corr(a i , a i+l ) ∈ O(|l| −α+1 ) for quadratic translation invariant Hamiltonians, which is a subclass of the systems to which Theorem 3 applies. Such a result would be weaker than Theorem 3 and in particular overestimate the decay exponent, underlining the fact that our result is non-trivial.
Conclusions. We have investigated the correlation decay in systems of fermions with long-range interactions both analytically and numerically. We have derived a general bound for the correlation decay between anti-commuting operators in systems with two site interacting Hamiltonians with powerlaw decaying interactions in thermal equilibrium at any T > 0. Our bound predicts that the correlations decay at least power-law like with essentially the same exponent as the decay of the interactions. We have verified that our bound is asymptotically tight by a high temperature expansion and by comparing with numerical simulations of the Kitaev chain with long-range interactions and found that this model asymptotically exhibits the slowest possible decay of correlation of any fermionic model with two-site interacting and power-law decaying interactions.
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Section A: Proof of Lemma 1
For the readers convenience we include a proof of our Lemma 1, which is a result from [20] of the main text.
Proof of Lemma 1. Let us consider the operator A with matrix elements A ij in some basis of eigenvectors of the Hamiltonian H. Let E i , be the energy of the i-th eigenvector. Define A ω element wise via (A ω ) ij := A ij δ(E i − E j − ω), then A = A ω dω and we can write
−β Ei and similarly
Ei e β ω , and thus, B A ω β = A ω B β e β ω . Hence,
Next, we use that (1 + e β ω )
, where the sum ranges over all positive and negative odd n. For n > 0, we have (ω − i n π/β)
Due to the linearity of time evolution A(t) := e i H t A e −i H t we have A ω (t) = e i ω t A ω . Therefore, substituting Eq. (29) into Eq. (28), we get
Finally, by integrating Eq. (30) over ω we get Eq. (4).
which is the analogue to Eq. (18) in [30] of the main text. That Lemma 2 is restricted to α > 2 D is a consequence of the above bound on v χ , which becomes small for large χ only if α > 2 D. It can be shown to hold as follows.
The quantity v χ is defined as
where ζ is the Hurwitz zeta function (a generalization of the Riemann zeta function). In total this gives
and it remains to show a bound on ζ for large χ. We make use of the following integral representation of ζ, valid for all α − D + 1 > 0 and χ > 0:
1 − e −x dx (42) The integrand can be bounded using
which, as long as α > D, allows to compute the resulting integral explicitly
which yields the following bound on v χ
Proceeding as in [30] of the main text one obtains Lemma 2 as stated in the main text.
Section C: PBC implies short-range interactions
Here we show that the long-range contribution of the Hamiltonian (17),
is only non-negligible when antiperiodic boundary conditions are considered, that is, for i > L we set a i := −a i mod L . For simplicity, we study the problem for both periodic and antiperiodic boundary conditions and make use of a parameter p which characterizes the boundary conditions, such that p = +1 corresponds to periodic boundary conditions (PBC) and p = −1 corresponds to antiperiodic (ABC). First, we analyze the first term of the long-range term (17) (the annihilation-annihilation term) and divide the sum in j into two contributions, such as
Given this, we apply the boundary conditions and introduce a change of indexes j = i + j − L for the second term, such that
Then we reorder the sums as follows,
(51) We apply the canonical commutation relation {a i , a k } = 0, make two changes of indexes: first, j → i − j and, second, i → j and j → j ; and apply d L−j = d j . Finally, we get
We substitute the equation (53) into the term (49), such that
(54) Given this expression, it is clear that this term and its conjugate cancel for periodic boundary conditions. We can conclude then that the long-range term does not contribute for PBC and for any interaction exponent α. On the other hand, the long-range term (17) for antiperiodic boundary conditions is not null and can be reexpressed as
Section D: Power-law decay of correlations in the Kitaev chain Figure 1 in the main text were determined by linear fits to the logarithmized data in the range l ∈ [lmin, 300] with lmin = 200 except for α ≥ 2, where lmin = 50 for β = 1, ∞ and lmin = 20 for β = 0.1. Data with corr < e −32 were discarded. The remaining data is almost perfectly linear in the double logarithmic plot.
